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A-NUMERICAL RADIUS INEQUALITIES FOR
SEMI-HILBERTIAN SPACE OPERATORS
ALI ZAMANI
Abstract. Let A be a positive bounded operator on a Hilbert space
(H, 〈·, ·〉).
The semi-inner product 〈x, y〉A := 〈Ax, y〉, x, y ∈ H induces a semi-norm
‖ · ‖A on H. Let ‖T ‖A and wA(T ) denote the A-operator semi-norm and
the A-numerical radius of an operator T in semi-Hilbertian space
(H, ‖ · ‖A),
respectively. In this paper, we prove the following characterization of wA(T )
wA(T ) = sup
α2+β2=1
∥∥∥∥αT + T ♯A2 + βT − T
♯A
2i
∥∥∥∥
A
,
where T ♯A is a distinguished A-adjoint operator of T . We then apply it to find
upper and lower bounds for wA(T ). In particular, we show that
1
2
‖T ‖A ≤ max
{√
1− | cos |2AT ,
√
2
2
}
wA(T ) ≤ wA(T ),
where | cos |AT denotes the A-cosine of angle of T . Some upper bounds for the
A-numerical radius of commutators, anticommutators, and products of semi-
Hilbertian space operators are also given.
1. Introduction and preliminaries
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex
Hilbert space
(H, 〈·, ·〉) and the corresponding norm ‖ ·‖. Let the symbol I stand
for the identity operator on H. If T ∈ B(H), then we denote by R(T ) the range
of T , and by R(T ) the norm closure of R(T ). Throughout this paper, we assume
that A ∈ B(H) is a positive operator and that P is the orthogonal projection
onto R(A). Recall that A is called positive, denoted by A ≥ 0, if 〈Ax, x〉 ≥ 0 for
all x ∈ H. Such an operator A induces a positive semidefinite sesquilinear form
〈·, ·〉A : H × H → C defined by 〈x, y〉A = 〈Ax, y〉, x, y ∈ H. Denote by ‖ · ‖A
the seminorm induced by 〈·, ·〉A, that is, ‖x‖A =
√〈x, x〉A for every x ∈ H. It
can be easily seen that ‖ · ‖A is a norm if and only if A is an injective operator,
and that (H, ‖ · ‖A) is a complete space if and only if R(A) is closed in H. The
semi-inner product 〈·, ·〉A induces a semi-norm on a certain subspace of B(H).
Namely, given T ∈ B(H), if there exists c > 0 such that ‖Tx‖A ≤ c‖x‖A for all
x ∈ R(A), then it holds that
‖T‖A := sup
x∈R(A),x 6=0
‖Tx‖A
‖x‖A
= inf
{
c > 0 : ‖Tx‖A ≤ c‖x‖A, x ∈ H
}
<∞.
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We set BA(H) :=
{
T ∈ B(H) : ‖T‖A < ∞
}
. It can be seen that BA(H) is
not generally a subalgebra of B(H) and ‖T‖A = 0 if and only if ATA = 0. In
addition, for T ∈ BA(H), we have
‖T‖A = sup
{
|〈Tx, y〉A| : x, y ∈ R(A), ‖x‖A = ‖y‖A = 1
}
.
An operator T is called A-positive if AT ≥ 0. Note that if T is A-positive, then
‖T‖A = sup
{
〈Tx, x〉A : x ∈ H, ‖x‖A = 1
}
.
For T ∈ B(H), an operator R ∈ B(H) is called an A-adjoint of T if for every
x, y ∈ H, we have 〈Tx, y〉A = 〈x,Ry〉A, i.e., AR = T ∗A. The existence of an
A-adjoint operator is not guaranteed. In fact, an operator T ∈ B(H) may admit
none, one or many A-adjoints. The set of all operators which admit A-adjoints
is denoted by BA(H). Note that BA(H) is a subalgebra of B(H) which is neither
closed nor dense in B(H). Moreover, the following inclusions BA(H) ⊆ BA(H) ⊆
B(H) hold with equality if A is injective and has a closed range.
If T ∈ BA(H), the reduced solution of the equation AX = T ∗A is a distin-
guished A-adjoint operator of T , which is denoted by T ♯A; see [25]. Note that,
T ♯A = A†T ∗A in which A† is the Moore–Penrose inverse of A. It is useful that if
T ∈ BA(H), then AT ♯A = T ∗A. An operator T ∈ B(H) is said to be A-selfadjoint
if AT is selfadjoint, i.e., AT = T ∗A. Observe that if T is A-selfadjoint, then
T ∈ BA(H). However it does not hold, in general, that T = T ♯A. For example,
consider the operators A =
[
1 1
1 1
]
and T =
[
2 2
0 0
]
. Then simple computations
show that T isA-selfadjoint and T ♯A =
[
1 1
1 1
]
6= T . More precisely, if T ∈ BA(H),
then T = T ♯A if and only if T is A-selfadjoint and R(T ) ⊆ R(A). Notice that
if T ∈ BA(H), then T ♯A ∈ BA(H), (T ♯A)♯A = PTP and
(
(T ♯A)♯A
)♯A = T ♯A . In
addition, T ♯AT , TT ♯A are A-selfadjoint and A-positive and so we have
‖T ♯AT‖A = ‖TT ♯A‖A = ‖T‖2A = ‖T ♯A‖
2
A.
Furthermore, if T, S ∈ BA(H), then (TS)♯A = S♯AT ♯A , ‖TS‖A ≤ ‖T‖A‖S‖A and
‖Tx‖A ≤ ‖T‖A‖x‖A for all x ∈ H.
For proofs and more facts about this class of operators, we refer the reader to
[4, 5] and their references.
In recent years, several results covering some classes of operators on a complex
Hilbert space
(H, 〈·, ·〉) are extended to (H, 〈·, ·〉A) (see, e.g., [5, 7, 8, 13, 14, 18,
24, 30, 31, 35]).
The numerical radius of T ∈ B(H) is defined by
w(T ) = sup
{
|〈Tx, x〉| : x ∈ H, ‖x‖ = 1
}
.
This concept is useful in studying linear operators and has attracted the attention
of many authors in the last few decades (e.g., see [11, 17, 22, 26, 36], and their
references).
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It is well known that w(·) defines a norm on B(H) such that for all T ∈ B(H),
1
2
‖T‖ ≤ w(T ) ≤ ‖T‖. (1.1)
The inequalities in (1.1) are sharp. The first inequality becomes an equality if
T 2 = 0. The second inequality becomes an equality if T is normal.
For more material about the numerical radius and other results on numerical
radius inequality, see, e.g., [12, 17, 22, 23], and the references therein.
Some interesting numerical radius inequalities improving inequalities (1.1) have
been obtained by several mathematicians (see, e.g., [1, 2, 10, 16, 21, 23, 32, 33]).
Motivated by theoretical study and applications, there have been many general-
izations of the numerical radius (e.g., see [3, 6, 9, 15, 17, 19, 20, 26, 27, 28, 29, 34]).
One of these generalizations is the A-numerical radius of an operator T ∈ B(H)
defined by
wA(T ) = sup
{∣∣〈Tx, x〉A∣∣ : x ∈ H, ‖x‖A = 1},
see, e.g., [8].
Now, following by the Crawford number and the cosine of angle of an operator
T ∈ B(H) introduced by Gustafson and Rao in [17], we introduce the following
notations
cA(T ) = inf
{
|〈Tx, x〉A| : x ∈ H, ‖x‖A = 1
}
,
| cos |AT = inf
{ |〈Tx, x〉A|
‖Tx‖A‖x‖A
: x ∈ H, ‖Tx‖A‖x‖A 6= 0
}
,
and
| sin |AT =
√
1− | cos |2AT .
The paper is organized as follows.
In Section 2, inspired by the numerical radius inequalities of bounded linear
operators in [1], [2], [21], [23], [33] and by using some ideas of them, we first state
a useful characterization of the A-numerical radius for T ∈ BA(H) as follows:
wA(T ) = sup
α2+β2=1
∥∥∥∥αT + T ♯A2 + βT − T
♯A
2i
∥∥∥∥
A
.
This expression was motivated by [23, Theorem 2.1]. We then apply it to find
upper and lower bounds for the A-numerical radius of semi-Hilbertian space op-
erators. Particularly, for T ∈ BA(H) we prove that
wA(T ) ≤
√
2
2
√∥∥TT ♯A + T ♯AT∥∥
A
≤ ‖T‖A,
1
2
‖T‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− c2A(T ) ≤ wA(T ),
and
1
2
‖T‖A ≤ max
{
| sin |AT,
√
2
2
}
wA(T ) ≤ wA(T ).
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In Section 3, some upper bounds for the A-numerical radius of products of
semi-Hilbertian space operators are given. In particular, for T, S ∈ BA(H) we
show that
wA(TS) ≤ wA(T )‖S‖A +
1
2
wA
(
(TS)♯A ± T ♯AS
)
≤ 2wA(T )‖S‖A.
In the last section we present some upper bounds for the A-numerical radius of
commutators and anticommutators of semi-Hilbertian space operators. Particu-
larly, for T, S ∈ BA(H) we prove that
wA(TS
♯A ± ST ♯A) ≤ ∥∥T ♯AT + SS♯A∥∥
A
.
Our results generalize recent numerical radius inequalities of bounded linear
operators due to Kittaneh et al. [1, 2, 12, 22, 23, 33].
2. Upper and lower bounds of the A-numerical radius of
operators
We start our work with the following lemmas. To establish the first lemma we
use some ideas of [17, Theorem 1.3-1].
Lemma 2.1. Let T ∈ BA(H) be an A-selfadjoint operator. Then
wA(T ) = ‖T‖A.
Proof. Let x ∈ H with ‖x‖A = 1. By the Cauchy-Schwarz inequality, we have∣∣〈Tx, x〉A∣∣ ≤ ‖Tx‖A‖x‖A ≤ ‖T‖A,
and hence wA(T ) = sup
{∣∣〈Tx, x〉A∣∣ : x ∈ H, ‖x‖A = 1} ≤ ‖T‖A.
Moreover, since T is an A-selfadjoint operator, for every y, z ∈ H such that
‖y‖A = ‖z‖A = 1 we have
〈T (y + z), y + z〉A = 〈Ty, y〉A + 2Re〈Ty, z〉A + 〈Tz, z〉A
and
〈T (y − z), y − z〉A = 〈Ty, y〉A − 2Re〈Ty, z〉A + 〈Tz, z〉A.
Consequently, we deduce
Re〈Ty, z〉A =
1
4
(
〈T (y + z), y + z〉A − 〈T (y − z), y − z〉A
)
.
So, we obtain ∣∣Re〈Ty, z〉A∣∣ ≤ wA(T )4 (‖y + z‖2A + ‖y − z‖2A).
Then it follows from parallelogram law that∣∣Re〈Ty, z〉A∣∣ ≤ wA(T )4 (2‖y‖2A + 2‖z‖2A) = wA(T ). (2.1)
Now, consider the polar decomposition 〈Ty, z〉A = eiθ
∣∣〈Ty, z〉A∣∣ with θ ∈ R. By
replacing z by eiθz in (2.1), we get
∣∣〈Ty, z〉A∣∣ = Re〈Ty, eiθz〉A ≤ wA(T ). From this
it follows that ‖T‖A = sup
{∣∣〈Ty, z〉A∣∣ : y, z ∈ H, ‖y‖A = ‖z‖A = 1} ≤ wA(T )
and consequently wA(T ) = ‖T‖A. 
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Remark 2.2. Note that for an arbitrary operator T of BA(H), we have
0 ≤ ‖T‖2A − w2A(T ) ≤ inf
γ∈C
{
‖T + γI‖2A − c2A(T + γI)
}
.
Indeed, if x ∈ H with ‖x‖A = 1, then simple computations show that
‖Tx‖2A −
∣∣〈Tx, x〉A∣∣2 = ‖Tx− γx‖2A − ∣∣〈Tx− γx, x〉A∣∣2 (γ ∈ C),
whence
‖Tx‖2A −
∣∣〈Tx, x〉A∣∣2 ≤ ‖T − γI‖2A − c2A(T − γI) (γ ∈ C).
Thus
‖Tx‖2A −
∣∣〈Tx, x〉A∣∣2 ≤ inf
γ∈C
{
‖T − γI‖2A − c2A(T − γI)
}
.
Taking the supremum in the above inequality over x ∈ H, ‖x‖A = 1, we deduce
the desired inequality.
The second lemma is stated as follows.
Lemma 2.3. Let T ∈ BA(H). For every θ ∈ R,
wA
(
eiθT + (eiθT )♯A
2
)
=
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
.
Proof. Let θ ∈ R. We have
(
(eiθT )♯A+
(
(eiθT )♯A
)♯A
2
)♯A
=
(
(eiθT )♯A
)♯A
+(eiθT )♯A
2
. Hence
(eiθT )♯A+
(
(eiθT )♯A
)♯A
2
is an A-selfadjoint operator. So, by Lemma 2.1 we get
wA
(
(eiθT )♯A +
(
(eiθT )♯A
)♯A
2
)
=
∥∥∥∥∥(e
iθT )♯A +
(
(eiθT )♯A
)♯A
2
∥∥∥∥∥
A
. (2.2)
Since wA(R
♯A) = wA(R) and ‖R♯A‖A = ‖R‖A for every R ∈ BA(H), from (2.2) it
follows that
wA
(
eiθT + (eiθT )♯A
2
)
=
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
.

We now state the third lemma, which will be used to prove Theorem 2.5.
Lemma 2.4. Let T ∈ BA(H) and x ∈ H. Then
sup
θ∈R
∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ = |〈Tx, x〉A|.
Proof. Let θ ∈ R. We have∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ = 12
∣∣∣eiθ〈Tx, x〉A + e−iθ〈T ♯Ax, x〉A∣∣∣
=
1
2
∣∣∣eiθ〈Tx, x〉A + e−iθ〈x, Tx〉A∣∣∣.
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Thus ∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ = ∣∣∣Re(eiθ〈Tx, x〉A)∣∣∣. (2.3)
From this it follows that∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ ≤ ∣∣〈Tx, x〉A∣∣,
whence
sup
θ∈R
∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ ≤ |〈Tx, x〉A|. (2.4)
Now, if |〈Tx, x〉A| = 0, then from (2.3) we obtain
∣∣∣〈 eiθT+(eiθT )♯A2 x, x〉
A
∣∣∣ = 0 and
so
sup
θ∈R
∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ = 0 = |〈Tx, x〉A|.
If |〈Tx, x〉A| 6= 0, then we put eiθ0 = 〈x,Tx〉A|〈Tx,x〉A| . Therefore, by (2.3), we obtain∣∣∣∣〈eiθ0T + (eiθ0T )♯A2 x, x
〉
A
∣∣∣∣ =
∣∣∣Re(eiθ0〈Tx, x〉A)∣∣∣ = |〈Tx, x〉A|. (2.5)
From (2.4) and (2.5) it follows that
sup
θ∈R
∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣ = |〈Tx, x〉A|.

Now, we are in a position to state a useful characterization of the A-numerical
radius for semi-Hilbertian space operators.
Theorem 2.5. Let T ∈ BA(H). Then
wA(T ) = sup
θ∈R
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
.
Proof. Let θ ∈ R. By Lemma 2.3 it follows that
wA
(
eiθT + (eiθT )♯A
2
)
=
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
.
Therefore, by Lemma 2.4 we conclude that
sup
θ∈R
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
= sup
θ∈R
wA
(
eiθT + (eiθT )♯A
2
)
= sup
θ∈R
sup
‖x‖A=1
∣∣∣∣〈eiθT + (eiθT )♯A2 x, x
〉
A
∣∣∣∣
= sup
‖x‖A=1
∣∣〈Tx, x〉A∣∣ = wA(T ).

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Here we present one of the main results of this section.
Theorem 2.6. Let T ∈ BA(H). Then for α, β ∈ R,
wA(T ) = sup
α2+β2=1
∥∥∥∥αT + T ♯A2 + βT − T
♯A
2i
∥∥∥∥
A
.
Proof. Let θ ∈ R. Put α = cos θ and β = − sin θ. We have
eiθT + (eiθT )♯A
2
=
(cos θ + i sin θ)T + (cos θ − i sin θ)T ♯A
2
= cos θ
T + T ♯A
2
− sin θT − T
♯A
2i
= α
T + T ♯A
2
+ β
T − T ♯A
2i
.
Therefore
sup
θ∈R
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
= sup
α2+β2=1
∥∥∥∥αT + T ♯A2 + βT − T
♯A
2i
∥∥∥∥
A
,
and hence, by Theorem 2.5, we obtain
wA(T ) = sup
α2+β2=1
∥∥∥∥αT + T ♯A2 + βT − T
♯A
2i
∥∥∥∥
A
.

As a consequence of Theorem 2.6, we have the following result.
Corollary 2.7. Let T ∈ BA(H). Then
max
{∥∥∥∥T + T ♯A2
∥∥∥∥
A
,
∥∥∥∥T − T ♯A2i
∥∥∥∥
A
}
≤ wA(T ).
Proof. By setting (α, β) = (1, 0) and (α, β) = (0, 1) in Theorem 2.6, the result
follows. 
The following result is another consequence of Theorem 2.6.
Corollary 2.8. Let T ∈ BA(H). Then
1
2
‖T‖A ≤ wA(T ) ≤ ‖T‖A. (2.6)
Proof. Clearly, wA(T ) ≤ ‖T‖A. On the other hand, by using Corollary 2.7, we
get
‖T‖A =
∥∥∥∥T + T ♯A2 + iT − T
♯A
2i
∥∥∥∥
A
≤
∥∥∥∥T + T ♯A2
∥∥∥∥
A
+
∥∥∥∥T − T ♯A2i
∥∥∥∥
A
≤ 2wA(T ).
Hence 1
2
‖T‖A ≤ wA(T ). 
Remark 2.9. Corollary 2.8 has recently been proved by Baklouti et al. in [8]. Our
approach here is different from theirs.
In the following theorem, we give a improvement of the second inequality in
(2.6).
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Theorem 2.10. Let T ∈ BA(H). Then
wA(T ) ≤
√
2
2
√∥∥TT ♯A + T ♯AT∥∥
A
≤ ‖T‖A.
Proof. Put M := T
♯A+(T ♯A )♯A
2
and N := T
♯A−(T ♯A )♯A
2i
. Then T ♯A = M + iN . Also,
simple computations show that
M2 +N2 =
(T ♯A)♯AT ♯A + T ♯A(T ♯A)♯A
2
=
(
TT ♯A + T ♯AT
2
)♯A
.
Since ‖R♯A‖A = ‖R‖A for every R ∈ BA(H), hence
‖M2 +N2‖A =
1
2
∥∥∥TT ♯A + T ♯AT∥∥∥
A
. (2.7)
Now, let x ∈ H with ‖x‖A = 1. We have∣∣〈x, Tx〉A∣∣2 = ∣∣〈T ♯Ax, x〉A∣∣2
=
〈
(M + iN)x, x
〉
A
〈
x, (M + iN)x
〉
A
=
(
〈Mx, x〉A + i〈Nx, x〉A
)(
〈x,Mx〉A − i〈x,Nx〉A
)
=
∣∣〈Mx, x〉A∣∣2 + ∣∣〈Nx, x〉A∣∣2
≤ 〈Mx,Mx〉A + 〈Nx,Nx〉A
(
by the Cauchy-Schwarz inequality
)
= 〈M2x, x〉A + 〈N2x, x〉A
(
since M ♯A = M and N ♯A = N
)
=
〈
(M2 +N2)x, x
〉
A
≤ ‖M2 +N2‖A =
1
2
∥∥∥TT ♯A + T ♯AT∥∥∥
A
.
(
by (2.7)
)
Hence
w2A(T ) = sup
‖x‖A=1
∣∣〈x, Tx〉A∣∣2 ≤ 12
∥∥∥TT ♯A + T ♯AT∥∥∥
A
,
or equivalently,
wA(T ) ≤
√
2
2
√∥∥TT ♯A + T ♯AT∥∥
A
. (2.8)
Further, since ‖TT ♯A‖A = ‖T ♯AT‖A = ‖T‖2A, by the triangle inequality we obtain√
2
2
√∥∥TT ♯A + T ♯AT∥∥
A
≤
√
2
2
√
‖TT ♯A‖A + ‖T ♯AT‖A = ‖T‖A.
Thus √
2
2
√∥∥TT ♯A + T ♯AT∥∥
A
≤ ‖T‖A. (2.9)
By (2.8) and (2.9) we deduce the desired result. 
Next, we present another improvement of the second inequality in (2.6).
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Theorem 2.11. Let T ∈ BA(H). Then
wA(T ) ≤ 1
2
√∥∥TT ♯A + T ♯AT∥∥
A
+ 2wA(T 2) ≤ ‖T‖A.
Proof. By Theorem 2.5, we have
wA(T ) = sup
θ∈R
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
=
1
2
sup
θ∈R
∥∥∥(eiθT )♯A + ((eiθT )♯A)♯A∥∥∥
A(
since ‖R‖A = ‖R♯A‖A for every R ∈ BA(H)
)
=
1
2
sup
θ∈R
√∥∥∥((eiθT )♯A + ((eiθT )♯A)♯A)(((eiθT )♯A)♯A + (eiθT )♯A)∥∥∥
A(
since ‖R‖2A = ‖RR♯A‖A for every R ∈ BA(H)
)
=
1
2
sup
θ∈R
√∥∥∥∥T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A + ((eiθT )♯A)2 + (((eiθT )♯A)♯A)2
∥∥∥∥
A
≤ 1
2
sup
θ∈R
√∥∥∥T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A∥∥∥
A
+
∥∥∥∥((eiθT )♯A)2 + (((eiθT )♯A)♯A)2
∥∥∥∥
A
≤ 1
2
sup
θ∈R
√√√√∥∥∥TT ♯A + T ♯AT∥∥∥
A
+ 2
∥∥∥∥∥e
2iθT 2 +
(
e2iθT 2
)♯A
2
∥∥∥∥∥
A(
since ‖R♯A‖A = ‖R‖A for every R ∈ BA(H)
)
≤ 1
2
√√√√∥∥∥TT ♯A + T ♯AT∥∥∥
A
+ 2sup
θ∈R
∥∥∥∥∥e
2iθT 2 +
(
e2iθT 2
)♯A
2
∥∥∥∥∥
A
=
1
2
√∥∥∥TT ♯A + T ♯AT∥∥∥
A
+ 2wA(T 2)
(
by Theorem 2.5
)
≤ 1
2
√
‖TT ♯A‖A + ‖T ♯AT‖A + 2wA(T 2)
=
√
2
2
√
‖T‖2A + wA(T 2)
(
since ‖RR♯A‖A = ‖R‖2A for every R ∈ BA(H)
)
≤
√
2
2
√
‖T‖2A + ‖T 2‖A
(
by Corollary 2.8
)
≤
√
2
2
√
‖T‖2A + ‖T‖2A = ‖T‖A,
which proves the desired inequalities. 
In the following theorem, we establish an improvement of the first inequality
in (2.6).
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Theorem 2.12. Let T ∈ BA(H). Then
1
2
‖T‖A ≤
1
2
√∥∥TT ♯A + T ♯AT∥∥
A
+ 2cA(T 2) ≤ wA(T ).
Proof. Let x ∈ H with ‖x‖A = 1. Suppose that
∣∣〈T ♯AT ♯Ax, x〉A∣∣ = e−2iθ〈T ♯AT ♯Ax, x〉A
for some real number θ. Then, we have
e2iθ
〈
(T ♯A)♯A(T ♯A)♯Ax, x
〉
A
= e2iθ〈T ♯AT ♯Ax, x〉A =
∣∣〈T ♯AT ♯Ax, x〉A∣∣ = ∣∣〈x, T 2x〉A∣∣.
Thus
e−2iθ〈T ♯AT ♯Ax, x〉A =
∣∣〈x, T 2x〉A∣∣ = e2iθ〈(T ♯A)♯A(T ♯A)♯Ax, x〉A. (2.10)
So, by Theorem 2.5, we obtain
4w2A(T ) ≥
∥∥eiθT + (eiθT )♯A∥∥2
A
=
∥∥∥(eiθT )♯A + ((eiθT )♯A)♯A∥∥∥2
A(
since ‖R‖A = ‖R♯A‖A for every R ∈ BA(H)
)
=
∥∥∥∥((eiθT )♯A + ((eiθT )♯A)♯A)((eiθT )♯A + ((eiθT )♯A)♯A)♯A
∥∥∥∥
A(
since ‖R‖2A = ‖RR♯A‖A for every R ∈ BA(H)
)
=
∥∥∥T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A + e−2iθT ♯AT ♯A + e2iθ(T ♯A)♯A(T ♯A)♯A∥∥∥
A(
since
(
(R♯A)♯A
)♯A = R♯A for every R ∈ BA(H))
≥
∣∣∣〈(T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A + e−2iθT ♯AT ♯A + e2iθ(T ♯A)♯A(T ♯A)♯A)x, x〉
A
∣∣∣
=
∣∣∣〈(T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A)x, x〉
A
+ e−2iθ〈T ♯AT ♯Ax, x〉A + e2iθ
〈
(T ♯A)♯A(T ♯A)♯Ax, x
〉
A
∣∣∣
=
〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)
x, x
〉
A
+ 2
∣∣〈x, T 2x〉A∣∣ (by 2.10)
≥
〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)
x, x
〉
A
+ 2cA(T
2).
From this it follows that
1
2
√〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)
x, x
〉
A
+ 2cA(T 2) ≤ wA(T ).
Taking the supremum over x ∈ H with ‖x‖A = 1 in the above inequality we get
1
2
√∥∥TT ♯A + T ♯AT∥∥
A
+ 2cA(T 2) ≤ wA(T ). (2.11)
Furthermore, since T ♯AT is an A-positive operator, from
∥∥TT ♯A + T ♯AT∥∥
A
≥
‖TT ♯A‖A = ‖T‖2A it follows that
1
2
√∥∥TT ♯A + T ♯AT∥∥
A
+ 2cA(T 2) ≥ 1
2
√∥∥TT ♯A + T ♯AT∥∥
A
≥ 1
2
‖T‖A. (2.12)
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Now, by (2.11) and (2.12) we conclude that
1
2
‖T‖A ≤
1
2
√∥∥TT ♯A + T ♯AT∥∥
A
+ 2cA(T 2) ≤ wA(T ).

Now, we give another improvement of the first inequality in (2.6).
Theorem 2.13. Let T ∈ BA(H). Then
1
2
‖T‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− c2A(T ) ≤ wA(T ).
Proof. Clearly,
√
w2A(T )
2
+ wA(T )
2
√
w2A(T )− c2A(T ) ≤ wA(T ). Now, let x ∈ H with
‖x‖A = 1. Suppose that
∣∣〈Tx, x〉A∣∣ = eiθ〈Tx, x〉A for some real number θ. Put
M := e
iθT+(eiθT )♯A
2
and N := e
iθT−(eiθT )♯A
2i
. Then M + iN = eiθT and
〈Mx, x〉A + i〈Nx, x〉A = 〈eiθTx, x〉A =
∣∣〈Tx, x〉A∣∣ ≥ 0.
It follows from 〈Nx, x〉A = Im〈eiθTx, x〉A ∈ R that
〈eiθTx, x〉A = 〈Mx, x〉A, 〈Nx, x〉A = 0.
So, we have
1
4
‖Tx‖2A =
1
4
(∥∥∥eiθTx− 〈eiθTx, x〉Ax∥∥∥2
A
+ |〈Tx, x〉A|2
)
=
1
4
(∥∥∥Mx− 〈Mx, x〉Ax+ iNx∥∥∥2
A
+ |〈Tx, x〉A|2
)
(
since 〈Nx, x〉A = 0
)
≤ 1
4
((∥∥∥Mx− 〈Mx, x〉Ax∥∥∥
A
+ ‖Nx‖A
)2
+ |〈Tx, x〉A|2
)
=
1
4
((√
‖Mx‖2A − |〈Mx, x〉A|2 + ‖Nx‖A
)2
+ |〈Tx, x〉A|2
)
=
1
4
((√
‖Mx‖2A − |〈eiθTx, x〉A|2 + ‖Nx‖A
)2
+ |〈Tx, x〉A|2
)
(
since 〈Mx, x〉A = 〈eiθTx, x〉A
)
≤ 1
4
((√
‖M‖2A − |〈Tx, x〉A|2 + ‖N‖A
)2
+ |〈Tx, x〉A|2
)
≤ 1
4
((√
w2A(T )− |〈Tx, x〉A|2 + wA(T )
)2
+ |〈Tx, x〉A|2
)
(
since ‖M‖A, ‖N‖A ≤ wA(eiθT ) = wA(T )
)
=
w2A(T )
2
+
wA(T )
2
√
w2A(T )− |〈Tx, x〉A|2.
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Hence
1
2
‖Tx‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− |〈Tx, x〉A|2 (‖x‖A = 1), (2.13)
which implies
1
2
‖Tx‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− c2A(T ).
Taking the supremum over x ∈ H with ‖x‖A = 1 in the above inequality we get
1
2
‖T‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− c2A(T ).

We end this section with a considerable improvement of the first inequality in
(2.6).
Theorem 2.14. Let T ∈ BA(H). Then
1
2
‖T‖A ≤ max
{
| sin |AT,
√
2
2
}
wA(T ) ≤ wA(T ).
Proof. Obviously,
max
{
| sin |AT,
√
2
2
}
wA(T ) ≤ wA(T ).
Furthermore, by (2.13) we have
1
2
‖Tx‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− |〈Tx, x〉A|2 (‖x‖A = 1),
and hence
1
2
‖Tx‖A ≤
√
w2A(T )
2
+
wA(T )
2
√
w2A(T )− ‖Tx‖2A| cos |2AT .
From this it follows that
‖Tx‖2A − 2w2A(T ) ≤ 2wA(T )
√
w2A(T )− ‖Tx‖2A| cos |2AT . (2.14)
We consider two cases.
Case 1. ‖Tx‖2A − 2w2A(T ) ≤ 0. Then we reach that ‖Tx‖A ≤
√
2wA(T ) and so
1
2
‖T‖A ≤
√
2
2
wA(T ). (2.15)
Case 2. ‖Tx‖2A − 2w2A(T ) > 0. By (2.14) it follows that
‖Tx‖4A − 4‖Tx‖2Aw2A(T ) + 4w4A(T ) ≤ 4w4A(T )− 4w2A(T )‖Tx‖2A| cos |2AT.
Thus
‖Tx‖2A ≤ 4
(
1− | cos |2AT
)
w2A(T ).
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This yields
1
2
‖Tx‖A ≤ | sin |ATwA(T ),
and hence
1
2
‖T‖A ≤ | sin |ATwA(T ). (2.16)
Now, by (2.15) and (2.16) we obtain
1
2
‖T‖A ≤ max
{
| sin |AT,
√
2
2
}
wA(T ).

3. Upper bounds for the A-numerical radius of products of
operators
In this section, we derive upper bounds for the A-numerical radius of prod-
ucts of semi-Hilbertian space operators. Since for every T, S ∈ BA(H) we have
‖TS‖A ≤ ‖T‖A‖S‖A, by the inequalities of (2.6) we obtain
wA(TS) ≤ ‖TS‖A ≤ 2‖T‖AwA(S) ≤ 4wA(T )wA(S). (3.1)
In the following theorems, we improve the inequalities 3.1. To achieve our goal,
we need the following lemma.
Lemma 3.1. Let T, S ∈ BA(H). Then
wA
(
(TS)♯A ± T ♯AS
)
≤ 2wA(T )‖S‖A.
Proof. Let θ ∈ R. Since ((R♯A)♯A)♯A = R♯A for every R ∈ BA(H), we have
eiθ
(
((TS)♯A + T ♯AS)
)♯A + (eiθ(((TS)♯A + T ♯AS))♯A)♯A
2
=
eiθ
(
T ♯A
)♯A(
S♯A
)♯A + eiθS♯A(T ♯A)♯A + e−iθS♯AT ♯A + e−iθT ♯A(S♯A)♯A
2
=
e−iθT ♯A +
(
e−iθT ♯A
)♯A
2
(
S♯A
)♯A + S♯A e−iθT ♯A +
(
e−iθT ♯A
)♯A
2
. (3.2)
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Therefore, by Theorem 2.5 and (3.2), we obtain
wA
((
(TS)♯A + T ♯AS
)♯A)
= sup
θ∈R
∥∥∥∥∥∥∥
eiθ
(
((TS)♯A + T ♯AS)
)♯A + (eiθ(((TS)♯A + T ♯AS))♯A)♯A
2
∥∥∥∥∥∥∥
A
≤ sup
θ∈R
∥∥∥∥∥e
−iθT ♯A +
(
e−iθT ♯A
)♯A
2
(
S♯A
)♯A + S♯A e−iθT ♯A +
(
e−iθT ♯A
)♯A
2
∥∥∥∥∥
A
≤ sup
θ∈R
∥∥∥∥∥e
−iθT ♯A +
(
e−iθT ♯A
)♯A
2
∥∥∥∥∥
A
(
‖(S♯A)♯A‖
A
+ ‖S♯A‖A
)
= wA(T
♯A)(‖S‖A + ‖S‖A)(
since ‖R♯A‖A = ‖R‖A for every R ∈ BA(H)
)
= 2wA(T )‖S‖A.
Hence
wA
((
(TS)♯A + T ♯AS
)♯A) ≤ 2wA(T )‖S‖A. (3.3)
Since wA(R
♯A) = wA(R) for every R ∈ BA(H), from (3.3) we obtain
wA
(
(TS)♯A + T ♯AS
)
≤ 2wA(T )‖S‖A. (3.4)
Finally, by replacing S by −iS in (3.4), we reach that
wA
(
(TS)♯A − T ♯AS
)
≤ 2wA(T )‖S‖A.

In the next theorem, we give a new upper bound for the A-numerical radius of
products of semi-Hilbertian space operators.
Theorem 3.2. Let T, S ∈ BA(H). Then
wA(TS) ≤ wA(T )‖S‖A +
1
2
wA
(
(TS)♯A ± T ♯AS
)
≤ 2wA(T )‖S‖A.
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Proof. The second inequality follows from Lemma 3.1. It is therefore enough to
prove the first inequality. Let θ ∈ R. By Lemma 2.3 we have∥∥∥∥eiθTS + (eiθTS)♯A2
∥∥∥∥
A
= wA
(
eiθTS + (eiθTS)♯A
2
)
= wA
(
eiθT + (eiθT )♯A
2
S + e−iθ
S♯AT ♯A − T ♯AS
2
)
≤ wA
(
eiθT + (eiθT )♯A
2
S
)
+ wA
(
e−iθ
S♯AT ♯A − T ♯AS
2
)
≤
∥∥∥∥eiθT + (eiθT )♯A2 S
∥∥∥∥
A
+
1
2
wA
(
S♯AT ♯A − T ♯AS
) (
by Corollary 2.8
)
≤
∥∥∥∥eiθT + (eiθT )♯A2
∥∥∥∥
A
‖S‖A +
1
2
wA
(
(TS)♯A − T ♯AS
)
≤ wA(T )‖S‖A +
1
2
wA
(
(TS)♯A − T ♯AS
) (
by Theorem 2.5
)
.
Thus
wA(TS) = sup
θ∈R
∥∥∥∥eiθTS + (eiθTS)♯A2
∥∥∥∥
A
≤ wA(T )‖S‖A +
1
2
wA
(
(TS)♯A − T ♯AS
)
.
(3.5)
Now, by replacing S by −iS in (3.5), we conclude that
wA(TS) ≤ wA(T )‖S‖A +
1
2
wA
(
(TS)♯A + T ♯AS
)
. (3.6)
By (3.5) and (3.6) we deduce the desired result. 
As an immediate consequence of the preceding theorem, we have the following
result.
Corollary 3.3. Let T, S ∈ BA(H). If (TS)♯A = T ♯AS, then
wA(TS) ≤ wA(T )‖S‖A.
In the following, for R ∈ BA(H), let dA(R) denote the A-numerical radius
distance of R from the scalar operators, that is,
dA(R) = inf
{
wA(R + ζI) : ζ ∈ C
}
.
Next, we present a improvement of the second inequality in (3.1).
Theorem 3.4. Let T, S ∈ BA(H). Then
wA(TS) ≤ ‖TS‖A
≤ min
{
‖T‖A
(
wA(S) + dA(S)
)
, ‖S‖A
(
wA(T ) + dA(T )
)}
≤ 2min
{
‖T‖AwA(S), ‖S‖AwA(T )
}
.
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Proof. Using a compactness argument, let ζ0 ∈ C such that dA(T ) = wA(T+ζ0I).
If ζ0 = 0, then by the inequalities of (2.6) we get
wA(TS) ≤ ‖TS‖A ≤ 2‖S‖AwA(T ) = ‖S‖A
(
wA(T ) + dA(T )
)
. (3.7)
Hence, we may assume that ζ0 6= 0. Put ζ = ζ0|ζ0| . Then
wA(TS) ≤ ‖TS‖A ≤ ‖T‖A‖S‖A
=
∥∥∥∥(ζT ) + (ζT )♯A2 + i(ζT )− (ζT )
♯A
2i
∥∥∥∥
A
‖S‖A
≤
(∥∥∥∥(ζT ) + (ζT )♯A2
∥∥∥∥
A
+
∥∥∥∥(ζT )− (ζT )♯A2i
∥∥∥∥
A
)
‖S‖A
=
(∥∥∥∥(ζT ) + (ζT )♯A2
∥∥∥∥
A
+
∥∥∥∥∥
(
ζ(T + ζ0I)
)− (ζ(T + ζ0I))♯A
2i
∥∥∥∥∥
A
)
‖S‖A
≤
(
wA(ζT ) + wA
(
ζ(T + ζ0I)
))‖S‖A (by Corollary 2.7)
=
(
wA(T ) + dA(T )
)‖S‖A
Hence
wA(TS) ≤ ‖TS‖A ≤
(
wA(T ) + dA(T )
)‖S‖A. (3.8)
Since dA(T ) ≤ wA(T ), from (3.7) and (3.8) it follows that
wA(TS) ≤ ‖TS‖A ≤ ‖S‖A
(
wA(T ) + dA(T )
) ≤ 2wA(T )‖S‖A. (3.9)
By a similar argument we have
wA(TS) ≤ ‖TS‖A ≤ ‖T‖A
(
wA(S) + dA(S)
) ≤ 2wA(S)‖T‖A. (3.10)
Now, by (3.9) and (3.10) we obtain the desired inequalities. 
We finish this section by another upper bound for the A-numerical radius of
products of semi-Hilbertian space operators.
Theorem 3.5. Let T, S ∈ BA(H). Then
wA(TS) ≤ ‖TS‖A ≤
(
wA(T ) + dA(T )
)(
wA(S) + dA(S)
) ≤ 4wA(T )wA(S).
Proof. The fact that dA(R) ≤ wA(R) holds for every R ∈ BA(H) implies that the
third desired inequality.
Now, let ζ0, ξ0 ∈ C such that dA(T ) = wA(T + ζ0I) and dA(S) = wA(S + ξ0I).
As in the proof of Theorem 3.4 we may assume that ζ0ξ0 6= 0. Put ζ = ζ0|ζ0| and
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ξ = ξ0
|ξ0|
. Therefore, we have
wA(TS) ≤ ‖TS‖A
≤ ‖T‖A‖S‖A
=
∥∥∥∥(ζT ) + (ζT )♯A2 + i(ζT )− (ζT )
♯A
2i
∥∥∥∥
A
×
∥∥∥∥(ξS) + (ξS)♯A2 + i(ξS)− (ξS)
♯A
2i
∥∥∥∥
A
≤
(∥∥∥∥(ζT ) + (ζT )♯A2
∥∥∥∥
A
+
∥∥∥∥(ζT )− (ζT )♯A2i
∥∥∥∥
A
)
×
(∥∥∥∥(ξS) + (ξS)♯A2
∥∥∥∥
A
+
∥∥∥∥(ξS)− (ξS)♯A2i
∥∥∥∥
A
)
=
(∥∥∥∥(ζT ) + (ζT )♯A2
∥∥∥∥
A
+
∥∥∥∥∥
(
ζ(T + ζ0I)
)− (ζ(T + ζ0I))♯A
2i
∥∥∥∥∥
A
)
×
(∥∥∥∥(ξS) + (ξS)♯A2
∥∥∥∥
A
+
∥∥∥∥∥
(
ξ(S + ξ0I)
)− (ξ(S + ξ0I))♯A
2i
∥∥∥∥∥
A
)
≤
(
wA(ζT ) + wA
(
ζ(T + ζ0I)
))(
wA(ξS) + wA
(
ξ(S + ξ0I)
))
(
by Corollary 2.7
)
=
(
wA(T ) + dA(T )
)(
wA(S) + dA(S)
)
.

4. Upper bounds for the A-numerical radius of commutators, and
anticommutators of operators
In this section, we present some upper bounds for the A-numerical radius
of commutators, and anticommutators of semi-Hilbertian space operators. To
achieve the first main result in this section, we need the following lemma.
Lemma 4.1. Let R ∈ BA(H). Then∥∥R♯AR +RR♯A∥∥
A
≤ 2(w2A(R) + d2A(R)) ≤ 4w2A(R).
Proof. Observe that, from dA(R) ≤ wA(R) we have 2
(
w2A(R)+d
2
A(R)
) ≤ 4w2A(R).
It is therefore enough to prove the first inequality. Let ζ0 ∈ C such that dA(R) =
wA(R + ζ0I). If ζ0 = 0, then by employing Corollary 2.7 we have
∥∥R♯AR +RR♯A∥∥
A
=
∥∥∥∥∥2
(
R +R♯A
2
)2
+ 2
(
R− R♯A
2i
)2∥∥∥∥∥
A
≤ 2
∥∥∥∥R +R♯A2
∥∥∥∥
2
A
+ 2
∥∥∥∥R−R♯A2i
∥∥∥∥
2
A
≤ 2w2A(R) + 2w2A(R) = 2
(
w2A(R) + d
2
A(R)
)
.
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If ζ0 6= 0, then put ζ = ζ0|ζ0| . A simple computation together with Corollary 2.7
gives
∥∥R♯AR +RR♯A∥∥
A
=
∥∥∥∥∥2
(
(ζR) + (ζR)♯A
2
)2
+ 2
(
(ζR)− (ζR)♯A
2i
)2∥∥∥∥∥
A
≤ 2
∥∥∥∥(ζR) + (ζR)♯A2
∥∥∥∥
2
A
+ 2
∥∥∥∥(ζR)− (ζR)♯A2i
∥∥∥∥
2
A
= 2
∥∥∥∥(ζR) + (ζR)♯A2
∥∥∥∥
2
A
+ 2
∥∥∥∥ζ(R + ζ0I)− (ζ(R + ζ0I))♯A2i
∥∥∥∥
2
A
≤ 2w2A
(
ζR
)
+ 2w2A
(
ζ(R+ ζ0I)
)
= 2
(
w2A(R) + d
2
A(R)
)
.

The following result may be stated as well.
Theorem 4.2. Let T, S ∈ BA(H). Then
wA(TS ± ST ) ≤
√∥∥TT ♯A + T ♯AT∥∥
A
√∥∥SS♯A + S♯AS∥∥
A
≤ 2min
{
‖T‖A
√
w2A(S) + d
2
A(S), ‖S‖A
√
w2A(T ) + d
2
A(T )
}
≤ 2
√
2min
{
‖T‖AwA(S), ‖S‖AwA(T )
}
.
Proof. Clearly,
min
{
‖T‖A
√
w2A(S) + d
2
A(S), ‖S‖A
√
w2A(T ) + d
2
A(T )
}
≤
√
2min
{
‖T‖AwA(S), ‖S‖AwA(T )
}
.
Now, let x ∈ H with ‖x‖A = 1. By the Cauchy–Schwarz inequality, we have∣∣∣〈(TS ± ST )x, x〉
A
∣∣∣2 ≤ (∣∣〈TSx, x〉A∣∣+ ∣∣〈STx, x〉A∣∣)2
=
(∣∣〈Sx, T ♯Ax〉A∣∣+ ∣∣〈Tx, S♯Ax〉A∣∣)2
≤
(
‖Sx‖A‖T ♯Ax‖A + ‖Tx‖A‖S♯Ax‖A
)2
≤
(
‖Tx‖2A + ‖T ♯Ax‖
2
A
)(
‖Sx‖2A + ‖S♯Ax‖
2
A
)
=
〈
x,
(
T ♯AT + TT ♯A
)
x
〉
A
〈
x,
(
S♯AS + SS♯A
)
x
〉
A
≤ ∥∥T ♯AT + TT ♯A∥∥
A
∥∥S♯AS + SS♯A∥∥
A
.
Thus ∣∣∣〈(TS ± ST )x, x〉
A
∣∣∣ ≤√∥∥TT ♯A + T ♯AT∥∥
A
√∥∥SS♯A + S♯AS∥∥
A
.
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Taking the supremum over x ∈ H with ‖x‖A = 1 in the above inequality we get
wA(TS ± ST ) ≤
√∥∥TT ♯A + T ♯AT∥∥
A
√∥∥SS♯A + S♯AS∥∥
A
. (4.1)
From (4.1) and Lemma 4.1 it follows that
wA(TS ± ST ) ≤
√∥∥TT ♯A + T ♯AT∥∥
A
√∥∥SS♯A + S♯AS∥∥
A
≤
√∥∥TT ♯A∥∥
A
+
∥∥T ♯AT∥∥
A
√
2
(
w2A(S) + d
2
A(S)
)
≤ 2‖T‖A
√
w2A(S) + d
2
A(S),
whence
wA(TS ± ST ) ≤
√∥∥TT ♯A + T ♯AT∥∥
A
√∥∥SS♯A + S♯AS∥∥
A
≤ 2‖T‖A
√
w2A(S) + d
2
A(S). (4.2)
Similarly,
wA(TS ± ST ) ≤
√∥∥SS♯A + S♯AS∥∥
A
√∥∥TT ♯A + T ♯AT∥∥
A
≤ 2‖S‖A
√
w2A(T ) + d
2
A(T ). (4.3)
Hence by (4.2) and (4.3) we deduce the desired result. 
As a consequence of Lemma 4.1 and Theorem 4.2, we have the following result.
Corollary 4.3. Let T, S ∈ BA(H). Then
wA(TS ± ST ) ≤ 2
√
w2A(T ) + d
2
A(T )
√
w2A(S) + d
2
A(S) ≤ 4wA(T )wA(S).
For the second main result in this section, we need the following lemma that
is interesting on its own right.
Lemma 4.4. For T, S, R ∈ BA(H) the following statements hold.
(i) wA
(
TRT ♯A
)
≤ ‖T‖2AwA(R).
(ii) wA
(
SRT ♯A
)
≤ 1
2
∥∥TT ♯A + SS♯A∥∥
A
‖R‖A.
Proof. (i) Let x ∈ H with ‖x‖A = 1. We have∣∣∣〈TRT ♯Ax, x〉
A
∣∣∣ = ∣∣∣〈RT ♯Ax, T ♯Ax〉
A
∣∣∣ ≤ wA(R)‖T ♯Ax‖2A ≤ wA(R)‖T‖2A.
Now, by taking the supremum over all x ∈ H with ‖x‖A = 1 we conclude that
wA
(
TRT ♯A
)
≤ ‖T‖2AwA(R)
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(ii) Let x ∈ H with ‖x‖A = 1. We have
∣∣∣〈SRT ♯Ax, x〉
A
∣∣∣ = ∣∣∣〈T ♯Ax,R♯AS♯Ax〉
A
∣∣∣
≤ ‖T ♯Ax‖A‖R♯AS♯Ax‖A
≤ ‖T ♯Ax‖A‖S♯Ax‖A‖R♯A‖A
≤ 1
2
(
‖T ♯Ax‖2A + ‖S♯Ax‖
2
A
)
‖R‖A(
by the arithmetic geometric mean inequality
)
=
1
2
(〈
x, TT ♯Ax
〉
A
+
〈
x, SS♯Ax
〉
A
)
‖R‖A
=
1
2
〈
x,
(
TT ♯A + SS♯A
)
x
〉
A
‖R‖A
≤ 1
2
∥∥TT ♯A + SS♯A∥∥
A
‖R‖A,
which, by taking the supremum over x ∈ H, ‖x‖A = 1, implies that
wA
(
SRT ♯A
)
≤ 1
2
∥∥TT ♯A + SS♯A∥∥
A
‖R‖A.

Finally, we present the following result.
Theorem 4.5. Let T, S ∈ BA(H). Then
wA(TS
♯A ± ST ♯A) ≤ ∥∥T ♯AT + SS♯A∥∥
A
.
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Proof. Let θ ∈ R. We have∥∥∥∥∥e
iθ(TS♯A + ST ♯A) +
(
eiθ(TS♯A + ST ♯A)
)♯A
2
∥∥∥∥∥
A
=
∥∥∥∥∥∥∥
(
eiθ(TS♯A + ST ♯A)
)♯A
+
((
eiθ(TS♯A + ST ♯A)
)♯A)♯A
2
∥∥∥∥∥∥∥
A(
since ‖R♯A‖A = ‖R‖A for every R ∈ BA(H)
)
=
∥∥∥∥∥∥∥
(T ♯A)♯A(eiθI + e−iθI)S♯A +
(
(T ♯A)♯A(eiθI + e−iθI)S♯A
)♯A
2
∥∥∥∥∥∥∥
A(
since
(
(R♯A)♯A
)♯A = R♯A for every R ∈ BA(H))
≤ wA
(
(T ♯A)♯A(eiθI + e−iθI)S♯A
) (
by Lemma 2.3
)
= wA
(
S(e−iθI + eiθI)T ♯A
)
(
since wA(R
♯A) = wA(R) for every R ∈ BA(H)
)
≤ 1
2
∥∥TT ♯A + SS♯A∥∥
A
∥∥e−iθI + eiθI∥∥
A
(
by Lemma 4.4 (ii)
)
=
∥∥TT ♯A + SS♯A∥∥
A
.
Thus ∥∥∥∥∥e
iθ(TS♯A + ST ♯A) +
(
eiθ(TS♯A + ST ♯A)
)♯A
2
∥∥∥∥∥
A
≤ ∥∥TT ♯A + SS♯A∥∥
A
,
and so,
sup
θ∈R
∥∥∥∥∥e
iθ(TS♯A + ST ♯A) +
(
eiθ(TS♯A + ST ♯A)
)♯A
2
∥∥∥∥∥
A
≤ ∥∥TT ♯A + SS♯A∥∥
A
.
Then, by Theorem 2.5, we get
wA(TS
♯A + ST ♯A) ≤ ∥∥T ♯AT + SS♯A∥∥
A
. (4.4)
Finally, by replacing T by iT in (4.4), we obtain
wA(TS
♯A − ST ♯A) ≤ ∥∥T ♯AT + SS♯A∥∥
A
,
and the proof is completed. 
Acknowledgments. The author expresses his gratitude to the referee for
his/hers comments towards an improved final version of the paper. He would
also like to thank Professor M. S. Moslehian for his helpful suggestions. This
work was supported by a grant from Shanghai Municipal Science and Technology
Commission (18590745200).
22 A. ZAMANI
References
1. A. Abu-Omar and F. Kittaneh, Upper and lower bounds for the numerical radius with an
application to involution operators, Rocky Mountain J. Math. 45 (2015), no. 4, 1055–1064.
2. A. Abu-Omar and F. Kittaneh, Notes on some spectral radius and numerical radius in-
equalities, Studia Math. 227 (2015), no. 2, 97–109.
3. A. Abu-Omar and F. Kittaneh, A generalization of the numerical radius, Linear Algebra
Appl. 569 (2019), 323–334.
4. M.L. Arias, G. Corach and M.C. Gonzalez, Metric properties of projections in semi-
Hilbertian spaces, Integral Equations and Operator Theory 62(1) (2008), 11–28.
5. M.L. Arias, G. Corach and M.C. Gonzalez, Partial isometries in semi-Hilbertian spaces,
Linear Algebra Appl. 428(7) (2008), 1460–1475.
6. M. Bakherad and K. Shebrawi, Upper bounds for numerical radius inequalities involving
off-diagonal operator matrices, Ann. Funct. Anal. 9 (2018), no. 3, 297–309.
7. H. Baklouti, K. Feki and S.A. Ould Ahmed Mahmoud, Joint normality of op-
erators in semi-Hilbertian spaces, Linear and Multilinear Algebra, in press, doi:
10.1080/03081087.2019.1593925.
8. H. Baklouti, K. Feki and O. A. M. Sid Ahmed, Joint numerical ranges of operators in
semi-Hilbertian spaces, Linear Algebra Appl. 555 (2018), 266–284.
9. A. Bourhim and M. Mabrouk, Numerical radius and product of elements in C∗-algebras,
Linear Multilinear Algebra 65(6) (2017), 1108–1116.
10. S. S. Dragomir, A survey of some recent inequalities for the norm and numerical radius of
operators in Hilbert spaces, Banach J. Math. Anal. 1 (2007), no. 2, 154–175.
11. S. S. Dragomir, Inequalities for the Numerical Radius of Linear Operators in Hilbert Spaces,
Springer Briefs in Math., Springer, Cham, 2013.
12. M. El-Haddad and F. Kittaneh, Numerical radius inequalities for Hilbert space operators.
II, Studia Math. 182 (2007), no. 2, 133–140.
13. M. Faghih-Ahmadi, Powers of A-m-isometric operators and their supercyclicity, Bull.
Malay. Math. Sci. Soc. 39 (2016), no. 3, 901–911.
14. G. Fongi and M.C. Gonzalez, Partial isometries and pseudoinverses in semi-Hilbertian
spaces, Linear Algebra Appl. 495 (2016), 324–343.
15. H. L. Gau, K. Z. Wang and P. Y. Wu, Numerical radii for tensor products of matrices,
Linear Multilinear Algebra 63(10) (2015), 1916–1936.
16. H. L. Gau and P. Y. Wu, Equality of three numerical radius inequalities, Linear Algebra
Appl. 554 (2018), 51–67.
17. K. E. Gustafson and D. K. M. Rao, Numerical range. The field of values of linear operators
and matrices, Universitext. Springer-Verlag, New York, 1997.
18. M.C. Gonzalez, Operator norm inequalities in semi-Hilbertian spaces, Linear Algebra Appl.
434 (2011), 370–378.
19. M. Hajmohamadi, R. Lashkaripour and M. Bakherad, Some generalizations of numerical
radius on off-diagonal part of 2 × 2 operator matrices, J. Math. Inequal 12 (2018), no. 2,
447–457.
20. O. Hirzallah, F. Kittaneh and K. Shebrawi, Numerical radius inequalities for certain 2× 2
operator matrices, Integral Equations and Operator Theory 71(1) (2011),129–147.
21. O. Hirzallah, F. Kittaneh and K. Shebrawi, Numerical radius inequalities for commutators
of Hilbert space operators, Numer. Funct. Anal. Optim. 32 (2011), no. 7, 739–749.
22. F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Math. 168
(2005), no. 1, 73–80.
23. F. Kittaneh, M.S. Moslehian and T. Yamazaki, Cartesian decomposition and numerical
radius inequalities, Linear Algebra Appl. 471 (2015), 46–53.
24. W. Majdak, N. A. Secelean and L. Suciu, Ergodic properties of operators in some semi-
Hilbertian spaces, Linear Multilinear Algebra 61(2) (2013), 139–159.
A-NUMERICAL RADIUS INEQUALITIES 23
25. M.S. Moslehian, M. Kian and Q. Xu, Positivity of 2×2 block matrices of operators, Banach
J. Math. Anal., in press, doi: 10.1215/17358787-2019-0019.
26. M.S. Moslehian and M. Sattari, Inequalities for operator space numerical radius of 2 × 2
block matrices, J. Math. Phys. 57 (2016), no. 1, 015201, 15pp.
27. S. Sahoo, N. Das and D. Mishra, Numerical radius inequalities for operator matrices, Adv.
Oper. Theory 4 (2019), no. 1, 197–214.
28. M. Sattari, M.S. Moslehian and K. Shebrawi, Extension of Euclidean operator radius in-
equalities, Math. Scand. 20 (2017), 129-144.
29. K. Shebrawi, Numerical radius inequalities for certain 2 × 2 operator matrices II, Linear
Algebra Appl. 523 (2017), 1–12.
30. O. A. M. Sid Ahmed and A. Saddi, A-m-Isometric operators in semi-Hilbertian spaces,
Linear Algebra Appl. 436 (2012), 3930–3942.
31. L. Suciu, Quasi-isometries in semi-Hilbertian spaces, Linear Algebra Appl. 430 (2009),
2474–2487.
32. T. Yamazaki, On upper and lower bounds of the numerical radius and an equality condition,
Studia Math. 178 (2007), no. 1, 83–89.
33. A. Zamani, Some lower bounds for the numerical radius of Hilbert space operators, Adv.
Oper. Theory 2 (2017), 98–107.
34. A. Zamani, Characterization of numerical radius parallelism in C∗-algebras, Positivity 23,
no. 2 (2019), 397–411.
35. A. Zamani, Birkhoff-James orthogonality of operators in semi-Hilbertian spaces and its
applications, Ann. Funct. Anal. (2019) (to appear).
36. A. Zamani, M.S. Moslehian, M.T. Chien and H. Nakazato, Norm-parallelism and the
Davis–Wielandt radius of Hilbert space operators, Linear Multilinear Algebra, in press,
doi: 10.1080/03081087.2018.1484422.
Department of Mathematics, Farhangian University, Tehran, Iran
E-mail address : zamani.ali85@yahoo.com
